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Generalized Landau–de Gennes theory of uniaxial and biaxial nematic liquid crystals
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The generalized Landau–de Gennes theory for uniaxial and biaxial nematic liquid crystals is analyzed using
tensor analysis. In this way all terms allowed by symmetry appear in the free-energy expression. This improves
the quantitative shortcomings of the commonly used theory. It appears that uniaxial nematic liquid crystals are
described by 12 independent generalized elastic terms and that biaxial nematic liquid crystals are described by
48 independent generalized elastic terms. For practical purposes, several approximations based on symmetry
arguments are discussed. The theory is applied to describe the variation in order and orientation near a surface.
The relevance of the theory to the debate on the surface elastic constantK13 is pointed out.
@S1063-651X~97!06004-2#

PACS number~s!: 61.30.2v, 62.20.Dc, 64.70.Md
a

d
th
ial

nt
y
u
e

e
a
te
or
.g
h

ly
x-
a

fo

m

re-

nded

he
ur
ay,
in
ing
ear

rity
s of
nsor
sions
ee-
the
the
al
ive
by
ap-
re
. In
he
that
nt
is
tant
ary

on
I. INTRODUCTION

More than two decades ago, de Gennes applied the L
dau theory of second-order phase transitions@1,2# to the first-
order isotropic-uniaxial nematic phase transition@3#. This
Landau–de Gennes theory proved to be useful for the
scription of other phase transitions as well, e.g.,
isotropic-biaxial nematic transition and the uniax
nematic–biaxial nematic transition@4,5#. The influence of
spatial variations of the local order parameter is taken i
account in the generalized Landau–de Gennes theor
~GLGT! @6–9#. This GLGT naturally combines Landa
theory with orientational elasticity theory, as the local ord
of a nematic liquid crystal is determined by anamplitude
~which describes the ‘‘degree’’ of order! and anorientation.
Therefore, the GLGT can be used to describe phenom
which cannot be satisfactorily described by the origin
Landau–de Gennes theory and elasticity theory separa
Such phenomena are expected when both the degree of
and the orientation are important, as is the case with, e
phase transitions in confined geometries and wetting p
nomena@10–14#, surface-induced bulk alignment@15–17#,
and disclinations@18,19#.

In contrast to its wide application, the GLGT is clear
limited from a quantitative point of view, as the GLGT e
pression for the free-energy density of orientational deform
tions is not identical to the ones that are well known
either uniaxial@20–24# or biaxial @25–30# nematic liquid
crystals. For example, according to the GLGT known fro
the literature@3,6–9#, the Frank elastic constants@22# for
splay, twist, and bendK11, K22, andK33, respectively, sat-
isfy the relations
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K115K33.K22,

Kii}Q1
2 ,

whereQ1 is the scalar order parameter. In general these
lations do not hold: the degeneracy ofK11 and K33 is re-
moved when the Landau–de Gennes expansion is exte
to third order inQ1 @31#. Apparently, the presently known
GLGT is an approximation of a more complete theory. T
aim of this paper is to investigate this complete theory. O
analysis is based on symmetry principles only. In this w
all effects that are allowed by symmetry are incorporated
the theory. Moreover, the physical assumptions underly
the commonly used approximate GLGT become quite cl
in the present analysis.

This paper is organized as follows. For the sake of cla
the main concepts are reviewed in Sec. II. The symmetrie
the different nematic phases and the corresponding te
order parameters are discussed and the general expres
for the Landau free-energy density and the elastic fr
energy density are given. Special attention is paid to
distinction between the surface free-energy density and
bulk free-energy density. In Sec. III the GLGT of uniaxi
and biaxial nematic liquid crystals is presented. We der
the most general free-energy expression that is allowed
symmetry and discuss various approximations based on
proximate symmetries. The GLGT known from the literatu
is obtained when the symmetry is approximately isotropic
Sec. IV the theory is applied to the coupled variation of t
order parameters and the orientation close to a surface
favors an ordering of the nematic liquid crystal differe
from the thermodynamically stable ordering. The result
directly related to the debate on the surface elastic cons
K13. The paper is concluded in Sec. V by a short summ
of the main results.

II. THEORY

A. The tensor order parameter

The macroscopic tensor order parameterQ is defined as
the anisotropic part of a susceptibilityT @6–8#,
ic
4367 © 1997 The American Physical Society
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Qi j5GS Ti j2 1

3
Tr~T!d i j D , ~1!

whereT may represent the magnetic susceptibility tensox
or the dynamic dielectric tensore(v) at a standard frequenc
v. The factorG is an arbitrary normalization constant. F
convenience, we chooseG.0 and having dimensions suc
thatQ becomes dimensionless.

The tensor order parameterQ being real, symmetric, and
of zero trace, can be written in the following diagonal for
in a suitably chosen local frame of orthogonal eigenvect
„l(r),m(r),n(r)…:

Q5S 2 1
3 ~Q12Q2! 0 0

0 2 1
3 ~Q11Q2! 0

0 0 2
3 Q1

D . ~2!

The representation of the tensor order parameter in
space-fixed frame (ex ,ey ,ez) reads

Qab5Q1~Nab2 1
3dab!1 1

3Q2~Lab2Mab!, ~3!

where we have used the definitions

Lab5 l al b , ~4a!

Mab5mamb , ~4b!

Nab5nanb ~4c!

and the completeness of the set of eigenvectors

Lab1Mab1Nab5dab . ~5!

The nematic phase with the highest symmetry is
uniaxial nematic phaseNu , which has a continuous rota
tional symmetry around a unique axis. This symmetry axi
thought to coincide with the eigenvectorn. The two eigen-
vectorsl andm are degenerate. The order of theNu phase
with respect to the isotropic phase is described by
uniaxial tensor order parameter

Qab
u 5Q1~Nab2 1

3dab!. ~6!

TheNu phase is nonchiral, i.e., symmetric under spatial
version, and nonpolar, i.e., the states described byn and
2n are indistinguishable. The chiral variant of this phase
the cholesteric or chiral nematicNu* phase.

A nematic phase with lower symmetry is thebiaxial nem-
atic phaseNb . Here the continuous rotational symmet
aroundn is also broken: the two eigenvectorsl andm are no
longer degenerate. The order of theNb phase with respect to
the isotropic phase is described by the full tensor order
rameter~3!. The chiral variant of this phase is denoted
Nb* .

The Nb phase is more ordered than theNu phase. The
order of theNb phase with respect to theNu phase is de-
scribed by the biaxial tensor order parameterQb, which is
obtained by subtracting both the isotropicand the uniaxial
part of the tensorT,
s

e

e
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s
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s

Qab
b 5

1

3
Q2~Lab2Mab!. ~7!

Recently, a tensor order parameter with nonzero trace
been used by Tole´danoet al. @32# in order to describe the
phase diagrams of lyotropic nematic and lyotropic chol
teric systems. The additional scalar order parameter tha
thus introduced describes a change in the shape of the
celles that constitute the lyotropic system.

The properties ofpolar liquid crystals have been system
atically descibed by Longa and Trebin@33# using the trace-
less, symmetric tensor order parameterQab together with a
polar fieldPa . WhenPa50, the GLGT expression known
from the literature is obtained.

In the following, we confine ourselves to nonpolar, the
motropic nematic and cholesteric liquid crystals wi
uniaxial and biaxial symmetries. The uniaxial systems
descibed by the uniaxial tensor order parameterQu. The bi-
axial systems can be descibed by the total tensor order
rameterQ, but sometimes a description in terms of two sep
rate tensor order parametersQu andQb is more appropriate.
This distinction between a separate uniaxial and biaxial t
sor order parameter, which, to our knowledge, has not b
made before, is of importance when discussing the differ
approximations to the GLGT presented in Sec. III. When
distinction is not made and only the total tensor order para
eterQ is used, the GLGT known from the literature is o
tained.

B. The Landau free-energy density

Consider an arbitrary thermodynamic system that is ch
acterized by a uniform temperatureT, a uniform pressure
p, and some tensor order parameterOab(r). Such a system
can be described by the so-called Landau free-energy de
gL , which is a function of the temperatureT, the pressure
p, the local order parameterOab(r), and its spatial deriva-
tives of all orders, denoted as]a

(n)Obg(r). For sufficiently
smooth variations of the order parameter, the Landau fr
energy density can be expanded in powers of the spatial
rivatives of the order parameter. Usually only terms that
linear in the first-order derivatives, terms that are quadrati
the first-order derivatives, and terms that are linear in
second-order derivatives are taken into account,

gL„O~r!,~n!O~r!,T,p…

5gL,u„O~r!,T,p…1kabg„O~r!,T,p…]aObg~r!

1Kabglmn„O~r!,T,p…]aObg~r!]lOmn~r!

1Kabgd„O~r!,T,p…]a]bOgd~r!1•••, ~8!

wheregL,u„O(r),T,p… denotes the Landau free-energy de
sity of the system when the order parameter is uniform. T
other terms in the expansion describe the elastic free-en
density. The tensorsk, K,K, . . . have the symmetry of the
lower symmetric (OabÞ0) phase. They are functions of th
local order parameterOab(r), the temperatureT, and pres-
surep.

The Landau free-energy densitygL can also be expande
in powers ofOab . The expansion ofgL,u with respect to the
Oab50 phase reads
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gL,u„O~r!,T,p…

5g0~T,p!1ZabOab1 1
2AabgdOabOgd

2 1
3BabgdezOabOgdOez

1 1
4CabgdezhuOabOgdOezOhu1•••, ~9!

whereg0 denotes the Gibbs free-energy density of the hig
symmetricOab50 phase. The tensorsk, K, andK can be
expanded as well:

kabg„O~r!,T,p…5kabg
0 ~T,p!1•••, ~10a!

Kabglmn„O~r!,T,p…5Kabglmn
0 ~T,p!1•••, ~10b!

Kabgd„O~r!,T,p…5Kabgd
0 ~T,p!1•••. ~10c!

It is important to note that the tensorsZ, A, B, C, k0, K0,
K0, . . . have the symmetry of thehigher symmetric
(Oab50) phase. They are functions of the temperatureT
and pressurep.

C. Surface terms

A number of terms appearing in expansion~8! of the Lan-
dau free-energy density can be written in the form of div
gences. These terms are called ‘‘surface terms,’’ as they
contribute to the surface free energy according to Gau
theorem. The remaining terms in expansion~8! are referred
to as ‘‘bulk terms.’’ In the thermodynamic limit the contr
bution of the surface terms to the total free energy is ne
gible compared to the contribution of the bulk terms. In th
section, we derive the general form of the surface terms
occur in expansion~8!.

By definition, the general form of a surface term is

]aSa~O,~n!O!, ~11!

whereS can be any vector function of the order parame
and its spatial derivatives. Expanding this function in pow
of the spatial derivatives,

Sa~O,~n!O!5Sa
0~O!1Sabgd

1 ~O!]bOgd1•••, ~12!

one finds that the two lowest-order terms comprise all
surface terms in Eq.~8!:

]aSa
05

]Sa
0

]Obg
]aObg , ~13a!

]a~Sabgd
1 ]bOgd!5

]Sabgd
1

]Oez
]aOez]bOgd1Sabgd

1 ]a]bOgd .

~13b!

We note that surface terms of the form~13a! are absent in the
uniaxial and biaxial nematic phases, due to the nonp
character of these phases. For surface terms of the f
~13b!, we make a distinction between symmetric and an
symmetric surface terms, as in Ref.@30#. For theantisymmet-
ric surface terms~with Sbagd

1 52Sabgd
1 ), the terms that are

linear in the second-order derivative vanish. On the ot
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hand, there is a one-to-one correspondence betweensymmet-
ric surface terms~with Sbagd

1 5Sabgd
1 ) and terms that are

linear in the second-order derivative.

III. THE GLGT OF NEMATIC LIQUID CRYSTALS

A. Uniform systems: Phase transitions

The I -Nu phase transition may be described by an exp
sion ofgL,u in powers of the uniaxial tensor order parame
Qu. The tensors that appear in this expansion must have
symmetry of theisotropic (Qu50) phase, i.e., these tenso
are combinations of scalarss, Kronecker deltasdab , and
productsp«abg of a pseudoscalarp with the Levi-Civita
symbol«abg ~which is a pseudotensor!.

The tensorp«abg does not appear in the expansion
gL,u , as all tensors in this expansion must have an e
number of indices@see Eq.~9!#. In fact, the general expan
sion requires only the two lowest-order contractions of
tensor order parameter@4,8,33#,

Qab
u Qba

u 5 2
3Q1

2 , ~14a!

Qab
u Qbg

u Qga
u 5 2

9Q1
3 , ~14b!

which gives rise to the well-known expression for the La
dau expansion near theI -Nu transition,

gL,u5giso1
1
3AQ1

22 2
27BQ1

31 1
9CQ1

41•••, ~15!

where the expansion up toQ1
4 suffices to describe the exper

mentally observed first-order phase transition. The coe
cientsA,B,C, . . . and the free-energy density of the isotrop
phasegiso are smooth functions ofT andp. A discussion of
the I -Nu transition and the Landau expansion~15! can be
found in, e.g., Refs.@6–9#.

The I -Nb phase transition is described by an expansion
gL,u in powers of the full tensor order parameterQ. All
tensors that appear in this expansion must have the symm
of the isotropic (Q50) phase. The general expansion r
quires only the two lowest-order contractions of the full te
sor order parameter@8#,

QabQba5 2
3~Q1

21 1
3Q2

2!, ~16a!

QabQbgQga5 2
9Q1~Q1

22Q2
2!, ~16b!

yielding

gL,u5giso1
1
3A~Q1

21 1
3Q2

2!2 2
27BQ1~Q1

22Q2
2!

1 1
9C~Q1

21 1
3Q2

2!21 4
135D~Q1

21 1
3Q2

2!Q1~Q1
22Q2

2!

1 2
243E@Q1~Q1

22Q2
2!#21 4

81E8~Q1
21 1

3Q2
2!31••• .

~17!

The full expansion up to sixth order inQ1 andQ2 allows for
a description of either a first-order or a second-orderI -Nb
transition, depending on the values of the coefficientsA–
E8.
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A simplified expansion with C.0, E.0, and
D5E850 has been studied by Gramsbergenet al. @8#.
de Gennes and Prost@6# discuss a slightly more general e
pansion withC.0, E.0, DÞ0, andE850. In both cases
a second-orderI -Nb transition is described forB50. For all
other values ofB, the directI -Nb transition does not exist
but is replaced byI -Nu andNu-Nb transitions. Clearly, the
expansion~17! is not appropriate to describe these success
transitions, as it is based on the symmetry breaking a
direct I -Nb transition. Expansion~17! can be seen as an ap
proximation of a more general expansion, the approxima
being valid close to a directI -Nb transition.

TheNu-Nb transition is properly described by an expa
sion of gL,u in powers of the biaxial tensor order parame
Qb. The tensors that appear in this expansion must have
symmetry of theuniaxial (Qb50) phase, i.e., these tenso
are combinations ofs, dab , p«abg , andNab . The expan-
sion reads

gL,u5guni1AQ2
21CQ2

41EQ2
61•••, ~18!

where guni denotes the Landau free-energy density of
uniaxial phase. This free-energy densityguni and the coeffi-
cientsA, C, E, . . . arefunctions ofQ1 , T, andp.

Although Eq. ~18! suffices for a description of theNu-
Nb transition, one can expand this expression further, ei
with respect to theisotropic phase or with respect to th
uniaxial phase.

In the first case,gL,u is expanded in powers of bothQu

andQb,

gL,u~Q
u,Qb,T,p!5giso~T,p!1Zab

u Qab
u 1Zab

b Qab
b

1Aabgd
u,u Qab

u Qgd
u 1Aabgd

u,b Qab
u Qgd

b

1Aabgd
b,b Qab

b Qgd
b 1•••, ~19!

where giso, the Gibbs free-energy density of the isotrop
phase, and the tensorsZu, Zb, . . . depend onT andp. Using
isotropic tensors, we find

gL,u~Q
u,Qb,T,p!5giso1A1Q1

21A2Q2
21B1Q1

31B2Q1Q2
2

1C1Q1
41C2Q1

2Q2
21C3Q2

41•••, ~20!

which is the general expansion for a description of succ
sive I -Nu andNu-Nb transitions.

In the second case,gL,u is expanded in powers ofQ
b and

dQu[Qu2Qu,†, whereQu,† is the equilibrium tensor orde
parameter describing a uniform uniaxial phase at a suita
chosen temperatureT† and pressurep†. Using an expansion
analogous to Eq.~19!, but now withuniaxial tensors, we find

gL,u~Q
u,Qb,T,p!5guni1Z1dQ11A1dQ1

21A2Q2
2

1B1dQ1
31B2dQ1Q2

21C1dQ1
4

1C2dQ1
2Q2

21C3Q2
41•••. ~21!
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It should be remarked that the uniaxial symmetry allows
an additional term linear indQ1. However,Z1 must be zero
at T5T† and p5p† since we have definedQ1

† to be the
equilibrium value ofQ1 at this temperature and pressure.

Summarizing, we have demonstrated how an approxim
expression for the free-energy density of a nematic phase
be obtained by an expansion with respect to a higher s
metric phase. For uniaxial nematic liquid crystals, this is
expansion with respect to the isotropic phase@Eq. ~15!#. For
biaxial nematic liquid crystals, three different approxim
tions can be used: a direct expansion with respect to
isotropic phase@Eq. ~17!#, an indirect expansion with respec
to the isotropic phase through an intermediate uniaxial ne
atic phase@Eq. ~20!#, and an expansion with respect to th
uniaxial nematic phase@Eq. ~21!#.

B. Nonuniform systems: Elasticity

For nonuniform systems with a smoothly varying ord
parameter, the Landau free-energy densitygL can be ex-
panded in powers of the spatial derivatives of the order
rameter, as in Eq.~8!. The terms in that expansion that co
tain only the spatial derivatives of the directo
„l(r),m(r),n(r)… describe theorientational elasticity of the
system. In the generalized elasticity theory, there are a
terms that contain only spatial derivatives of the scalar or
parameters„Q1(r),Q2(r)…, which describe theorder elas-
ticicity, and terms that contain both types of derivativ
~mixedterms!.

In the following, the general expressions for the gener
ized elastic free-energy density of a uniaxial nematic liqu
crystal and of a biaxial nematic liquid crystal are give
where we distinguish between surface elastic terms and
elastic terms, as defined in Sec. IIC. We further derive
proximate expressions for the generalized elastic free-en
density by making expansions with respect to higher sy
metric phases.

1. Uniaxial nematic liquid crystals

The contribution of the elastic free-energy density to t
Landau free-energy densitygL of the uniaxial nematic phas
is obtained by substituting expression~6! for the uniaxial
tensor order parameterQu in expansion~8! of gL . The ap-
pearing tensorsk, K, andK must have the symmetry of th
uniaxial phase. All independent elastic terms are found
forming all possible combinations of the tensors w
uniaxial symmetry, i.e., combinations ofs, dab , p«abg , and
Nab .

We find eight independent bulk terms and four indepe
dent surface terms, which can be classified further as f
orientational elastic terms, two order elastic terms, t
mixed terms, one antisymmetric surface term, and three s
metric surface terms. In terms of the usual vector notati
the elastic free-energy density

gL,el[gL2gL,u ~22!

is given by
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gL,el5kun•~“3n!1K1
u~“•n!21K2

u@n•~“3n!#2

1K3
u@n~“3n!#21K4

u~n•“Q1!
21K5

u~“Q1!
2

1K6
u@n3~“3n!#•~“Q1!1K7

u~“•n!~n•“Q1!

1“•$S1
u@~n•“ !n2n~“•n!#%1“•$S2

u
“Q1%

1“•$S3
un~n•“Q1!%1“•$S4

u@~n•“ !n1n~“•n!#%,

~23!

where all elastic constants are functions ofQ1(r), T, and
p. In most literature on orientational elasticity, the elas
constantsK1

u , K2
u, andK3

u are referred to asK11/2,K22/2, and
K33/2, respectively. The surface elastic constantsS1

u andS4
u

are related to the surface elastic constantsK24 andK13, as
defined by Nehring and Saupe@24#. As can be seen from th
terms corresponding toK6

u andK7
u , a gradient in the orde

parameter will induce a combined splay-bend deformation
the director field.

It is important to note that the elastic termkun•(“3n)
only appears in the cholestericNu* phase since it change
sign under spatial inversion. Remarkably, the property
chirality only introduces anorientationalelastic term and no
chiralorderelastic terms. This can be understood as follow
A chiral order elastic term is proportional ton•“Q1.
Clearly, such a term is forbidden in case of a nonpolar ne
atic liquid crystal, i.e., a nematic liquid crystal that is sym
metric under the substitutionn→2n.

The elastic free-energy expression known from the lite
ture is obtained as an approximation of the general exp
sion presented here. The approximation is based on an
pansion with respect to the isotropic phase~see Sec. III A!,
i.e., the elastic tensors are expanded as in Eqs.~10!. The
resulting tensorsk0, K0, andK0 have the symmetry of the
isotropic phase.

It appears that the elastic free-energy density in t
lowest-order approximation can be written in the form of tw
independent bulk elastic terms, one antisymmetric surf
term, and one symmetric surface term. All terms a
‘‘mixed’’ elastic terms

gL,el5K1
i ]aQbg

u ]aQbg
u 1K2

i ]aQag
u ]lQlg

u

1S1
i $]aQbg

u ]bQag
u 2]aQag

u ]lQlg
u %1S2

i ]a]bQab
u .

~24!

Note that, e.g., theK1
i term is not simply the lowest-order

approximation to theK1
u term in Eq.~23!. Nevertheless, there

are relations between the ‘‘isotropic’’ and the ‘‘uniaxial
elastic constants, which can be found by substituting the
pression forQu into Eq. ~24!.

As follows from Table I the isotropic approximation en
tails the results

K115K33.K22, ~25a!

Kii}Q1
2 . ~25b!

In some cases this may be a reasonable approximation
general, however, Eqs.~25! will not be valid. In that case the
isotropic approximation cannot be expected to give a qu
f

f

.

-

-
s-
x-

is

e
e

x-

In

n-

titatively correct description and one should resort to
general expression~23! presented here.

2. Biaxial nematic liquid crystals

The elastic free-energy densitygL,el of the biaxial nematic
phase is obtained by substituting expression~3! for the full
tensor order parameterQ in Eq. ~8!. The appearing tensor
k, K, andK must have the symmetry of thebiaxial phase.
Thus all independent elastic terms are found by forming
possible combinations of biaxially symmetric tensors, i.
combinations ofs, p«abg , Lab , Mab , andNab @the Kro-
neckerd can be left out due to the completeness relation~5!#.

The elastic free-energy density of a nonchiral~chiral! bi-
axial nematic liquid crystal is described by 33~36! bulk
terms and 12~12! surface terms. These are given in th
Tables III and IV at the end of this section. In these tables
have used the following notation for the invariants that d
scribe orientational deformations@30#:

Di j5
1
2« jklRiaRkb]aRlb , ~26!

where the matrix elementsRia with i51,2,3 anda5x,y,z
define the local frame (l,m,n) with respect to the space-fixe
frame (ex ,ey ,ez),

l5R1aea , ~27a!

m5R2aea , ~27b!

n5R3aea . ~27c!

Explicit ~vector! expressions of the invariantsDi j can be
found in Ref.@30#. The appearing chiral terms are orient
tional elastic terms; chiralorderelasticity is also absent here
Of the other bulk terms, 12 are orientational elastic term
nine are order elastic terms and the remaining 12 are m
terms. There are three antisymmetric surface terms and
symmetric surface terms.

Clearly, the number of independent elastic constants
too large to be experimentally accessible. For that reas
sensible approximations are needed. Instead of postula
ad hocapproximations, we propose three possible appro

TABLE I. Bulk elastic terms for the uniaxial nematic phase. T
‘‘uniaxial’’ elastic constants are functions of the uniaxial order p
rameter, temperature, and pressure. Near the isotropic phase
elastic constants can be approximated by the expressions in the
column. The ‘‘isotropic’’ elastic constantsK1

i andK2
i are functions

of temperature and pressure only.

Invariant Constant I

n•(“3n) ku 0

(“•n)2 K1
u (2K1

i 1K2
i )Q1

2

@n•(“3n)#2 K2
u 2K1

i Q1
2

@n3(“3n)#2 K3
u (2K1

i 1K2
i )Q1

2

(n•“Q1)
2 K4

u 1
3K2

i

(“Q1)
2 K5

u 1
9 (6K1

i 1K2
i )

@n3(“3n)#•“Q1 K6
u

(4K1
i 1

2
3K2

i )Q1

(“•n)(n•“Q1) K7
u

(4K1
i 1

4
3K2

i )Q1



ro
ap

n
st
d
r
o
re

n
w

an
th
d

st

i

ac

-
xi
w
g

f
s

tic
las-

n

ding

ken

ial

ce

d 2
nal

he
r
e, the
last

ra-

4372 55M. C. J. M. VISSENBERG, S. STALLINGA, AND G. VERTOGEN
mations, all based on symmetry arguments. These app
mations are similar in character to the quasi-uniaxial
proximation proposed for smectic-C* liquid crystals@34#.

The first approximation is the isotropic approximatio
commonly used in the literature. The approximate ela
free-energy expression is obtained by expanding the Lan
free-energy densitygL in powers of the full tensor orde
parameterQ and its spatial derivatives. The expansion
gL,u is given in Eq. ~17!, whereas the elastic tensors a
expanded according to Eqs.~10!. Taking into account only
the lowest-order terms, the elastic free-energy density ca
approximately described by two bulk elastic terms and t
surface terms, as in the uniaxial case:

gL,el5K1
i ]aQbg]aQbg1K2

i ]aQag]lQlg

1S1
i ]a~Qbg]bQag2Qag]bQbg!1S2

i ]a]bQab .

~28!

The starting point of the other two approximations is
expansion of the Landau free-energy density in which
uniaxial and the biaxial tensor order parameter are treate
independent order parameters:

gL~Q
u,Qb,~n!Qu,~m!Qb,T,p!

5gL,u~Q
u,Qb,T,p!1kabg

u ~Qu,Qb,T,p!]aQbg
u

1kabg
b ~Qu,Qb,T,p!]aQbg

b

1Kabglmn
u,u ~Qu,Qb,T,p!]aQbg

u ]lQmn
u

1Kabglmn
u,b ~Qu,Qb,T,p!]aQbg

u ]lQmn
b

1Kabglmn
b,b ~Qu,Qb,T,p!]aQbg

b ]lQmn
b

1Kabgd
u ~Qu,Qb,T,p!]a]bQgd

u

1Kabgd
b ~Qu,Qb,T,p!]a]bQgd

b 1•••, ~29!

wheregL,u and the tensorsku, kb, . . . aredefined with re-
spect to the biaxial phase. The general form of the ela
free-energy density of the~chiral! biaxial phase is obtained
by substituting all possible combinations of biaxial tensors
the tensors of expansion~29!. Obviously thesamethree chi-
ral bulk elastic terms, 33 bulk elastic terms, and 12 surf
terms are obtained as when using Eq.~8! ~see Tables III and
IV !.

The elastic tensors in Eq.~29! can be expanded with re
spect to the isotropic phase or with respect to the unia
phase. The expansion with respect to the isotropic phase
be treated first. The elastic terms are expanded accordin
e.g.,

kabg
u ~Qu,Qb,T,p!5kabg

u,0 ~T,p!1•••, ~30!

where all appearing tensors~like ku,0) have the symmetry o
the isotropic phase. Taking into account only the lowe
xi-
-

ic
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f
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ic

n

e
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to,

t-

order terms, we find that, in this approximation, the elas
free-energy density is described by 6 independent bulk e
tic terms and 5 independent surface elastic terms

gL,el5K1
i ]aQbg

u ]aQbg
u 1K2

i ]aQag
u ]lQlg

u 1K3
i ]aQbg

u ]aQbg
b

1K4
i ]aQag

u ]lQlg
b 1K5

i ]aQbg
b ]aQbg

b

1K6
i ]aQag

b ]lQlg
b 1S1

i ]a~Qbg
u ]bQag

u 2Qag
u ]bQbg

u !

1S2
i ]a]bQab

u 1S3
i ]a]bQab

b

1S4
i ]a~Qbg

u ]bQag
b 2Qag

u ]bQbg
b !

1S5
i ]a~Qbg

b ]bQag
b 2Qag

b ]bQbg
b !, ~31!

where the isotropic elastic constantsKi andSi are functions
of T and p. This so-called indirect isotropic approximatio
contains the isotropic approximation~28! in the limiting case

K3
i 5 2K1

i 5 2K5
i , ~32a!

K4
i 5 2K2

i 5 2K6
i , ~32b!

S2
i 5S3

i , ~32c!

S4
i 5 2S5

i 5 2S1
i . ~32d!

Finally, we can also expand Eq.~29! with respect to the
uniaxialnematic phase. The expansion ofgL,u is given in Eq.
~21!. The tensors in the elastic terms are expanded accor
to, e.g.,

kabg
u ~Qu,Qb,T,p!5kabg

u,0 ~Qu,T,p!1•••, ~33!

where the appearing tensors~like ku,0) have the symmetry of
the uniaxial phase and only the lowest-order terms are ta
into account.

Obviously, the elastic terms containing only the spat
derivatives ofQu ~the ku,0, Ku,u,0, andKu,0 terms! give rise
to the 8 uniaxial bulk elastic terms and the 4 uniaxial surfa
terms ~see Tables I and II!. The remaining terms~the kb,0,
Ku,b,0, Kb,b,0, andKb,0 terms! give rise to 5 additional bulk
elastic terms, 1 additional antisymmetric surface term, an
additional symmetric surface terms; there are no additio
chiral terms. Then

gL,el5gL,el
u 1gL,el

b , ~34!

wheregL,el
u is given by Eq.~23! andgL,el

b by

TABLE II. Surface terms for the uniaxial nematic phase. T
‘‘uniaxial’’ elastic constantsSu are functions of the uniaxial orde
parameter, temperature, and pressure. Near the isotropic phas
elastic constants can be approximated by the expressions in the
column. The ‘‘isotropic’’ elastic constants are functions of tempe
ture and pressure only.

Surface term I

]a$S1
u(nb]bna2na]bnb)% S1

u'(2K1
i 1S1

i )Q1
2

]a$S2
u]aQ1% S2

u'2
1
3S2

i

]a$S3
uNab]bQ1% S3

u'S2
i

]a$S4
u(nb]bna1na]bnb)% S4

u'S2
i Q1
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gL,el
b 5K8

u$~ l•“Q2!D321~m•“Q2!D3112Q2~D13D312D23D32!%1K9
u$2~ l•“Q1!~ l•“Q2!1~m•“Q1!~m•“Q2!

12Q2~ l•“Q1!D2312Q2~m•“Q1!D13%1K10
u $~n•“Q2!

214Q2
2D33

2 %1K11
u $~ l•“Q2!

21~m•“Q2!
2

14Q2
2~D13

2 1D23
2 !%1K12

u $2Q2D23~ l•“Q2!1Q2D13~m•“Q2!%1]a$S5
u~dagNbd2dbgNad!]bQgd

b %

1]a$S6
u~dagNbd1dbgNad!]bQgd

b %1]a$S7
udagdbd]bQgd

b %. ~35!
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The 12 uniaxial bulk elastic constantsKu and seven uniaxia
surface elastic constantsSu are functions ofQ1(r), T, and
p.

The general expression for the elastic free-energy den
of the biaxial nematic phase and the three approximate
pressions are given in the Tables III and IV. It should
remarked that some of the terms of higher order inQ2 that
are neglected in the uniaxial approximation are included
the indirect isotropic approximation. Within this last a
proximation they cannot be left out, as they may be of
same order of magnitude as terms of the same order inQ1.

IV. SURFACE-INDUCED LIQUID-CRYSTAL ALIGNMENT

In this section the GLGT is used to analyze the relat
between the orientation and order of a nematic liquid cry
in the bulk and at the surface. To that end, consider a n
atic liquid crystal that fills the infinite half spacez>0,
bounded by an aligning substrate atz50. We choose thex
direction of the laboratory frame along the direction of t
alignment at the surface~see Fig. 1!. The x-y plane is a
mirror plane here. For that reason the local orientation of
nematic liquid crystal can be expressed as

l~z!5~0,1,0!, ~36a!

m~z!5„2sina~z!,0,cosa~z!…, ~36b!

n~z!5„cosa~z!,0,sina~z!…, ~36c!

where the so-called tilt anglea(z) is defined as the angl
between the director fieldn(z) and the surface plane.

We assume the nematic liquid crystal to be strongly
chored to the substrate, i.e., the boundary conditions at
surface are fixed,

Q1~z50!5Q1,s , ~37a!

Q2~z50!5Q2,s , ~37b!

a~z50!5as , ~37c!

where we have taken the surface order to be biaxial. In
bulk, the nematic liquid crystal is uniform and uniaxial:

Q1~z→`!5Q̄1 , ~38a!

Q2~z→`!50, ~38b!

Q18~z→`!50, ~38c!

Q28~z→`!50, ~38d!
ity
x-

n

e

n
l
-

e

-
he

e

a8~z→`!50, ~38e!

where the prime denotes the spatial derivative with respec
the z coordinate.

The GLGT can be used to obtain the tilt angle and
scalar order parameters as a function ofz, thereby describing
the influence of the surface order (Q1,s , Q2,s) and orientation
(as) on the orientation in the bulk, given b
ap[a(z→`). The Landau free-energy density is given b

gL5gL,u1gL,el , ~39!

wheregL,u has the form of the Landau free-energy density
the uniform state andgL,el denotes the elastic free-energ
density. Variational calculus leads to the set of coup
Euler-Lagrange equations

]gL
]Q1

5
d

dzF ]gL
]Q18

G , ~40a!

]gL
]Q2

5
d

dzF ]gL
]Q28

G , ~40b!

]gL
]a

5
d

dzF ]gL
]a8G . ~40c!

The order parametersQ1(z) and Q2(z) and the tilt angle
a(z) must be solved from these Euler-Lagrange equati
and from the boundary conditions~37! and ~38!. The solu-
tion of these equations constitutes a formidable problem
gL,u and the elastic constants appearing in the expression
gL,el are~unknown! functions ofQ1(z) andQ2(z). However,
an approximate analytical solution is quite possible. T
starting point of the approximation is the assumption that
difference between the order near the surface and the ord
the bulk is small, i.e., the assumption thatdQ1(z)
[Q1(z)2Q̄1 andQ2(z) are small for allz. Then the Euler-
Lagrange equations can be expanded indQ1(z), Q2(z), and
their spatial derivatives and solved up to first order. To t
end expressions forgL,u and gL,el up to lowest order in
dQ1(z) andQ2(z) are needed.
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TABLE III. Bulk elastic terms for the biaxial nematic phase. The 36 ‘‘biaxial’’ elastic constants ca
approximated by linear combinations of either 2, 6, or 13 elastic constants, depending on the approx
that is used.

Invariant Constant Nu I ~indirect! I ~direct!

D11 k1
b ku 0 0

D22 k2
b ku 0 0

D33 k3
b 0 0 0

D11
2 K1

b K2
u 2K1

i Q1
21

2
3K3

i Q1Q21
2
9K5

i Q2
2 2K1

i (Q11
1
3Q2)

2

D22
2 K2

b K2
u 2K1

i Q1
22

2
3K3

i Q1Q21
2
9K5

i Q2
2 2K1

i (2Q11
1
3Q2)

2

D33
2 K3

b 4K10
u Q2

2 8
9K5

i Q2
2 8

9K1
i Q2

2

D12
2 K4

b K1
u (2K1

i 1K2
i )Q1

2 (2K1
i 1K2

i )(2Q11
1
3Q2)

2

2
1
3(2K3

i 1K4
i )Q1Q2

1
1
9(2K5

i 1K6
i )Q2

2

D23
2 K5

b 4K11
u Q2

2 4
9(2K5

i 1K6
i )Q2

2 4
9(2K1

i 1K2
i )Q2

2

D31
2 K6

b K3
u (2K1

i 1K2
i )Q1

2 (2K1
i 1K2

i )(Q11
1
3Q2)

2

1
1
3(2K3

i 1K4
i )Q1Q2

1
1
9(2K5

i 1K6
i )Q2

2

D21
2 K7

b K1
u (2K1

i 1K2
i )Q1

2 (2K1
i 1K2

i )(Q11
1
3Q2)

2

1
1
3(2K3

i 1K4
i )Q1Q2

1
1
9(2K5

i 1K6
i )Q2

2

D32
2 K8

b K3
u (2K1

i 1K2
i )Q1

2 (2K1
i 1K2

i )(2Q11
1
3Q2)

2

2
1
3(2K3

i 1K4
i )Q1Q2

1
1
9(2K5

i 1K6
i )Q2

2

D13
2 K9

b 4K11
u Q2

2 4
9(2K5

i 1K6
i )Q2

2 4
9(2K1

i 1K2
i )Q2

2

D12D21 K10
b 2(K2

u2K1
u) 22K2

i Q1
21

2
9K6

i Q2
2 2K2

i (2Q1
21

1
9Q2

2)
D23D32 K11

b 22K8
uQ2

2
3K4

i Q1Q2 2
4
9K6

i Q2
2 4

3K2
i Q2(Q12

1
3Q2)

D31D13 K12
b 2K8

uQ2 2
2
3K4

i Q1Q22
4
9K6

i Q2
2 2

4
3K2

i Q2(Q11
1
3Q2)

( l•“Q1)
2 K13

b K5
u 1

9(6K1
i 1K2

i ) 1
9(6K1

i 1K2
i )

(m•“Q1)
2 K14

b K5
u 1

9(6K1
i 1K2

i ) 1
9(6K1

i 1K2
i )

(n•“Q1)
2 K15

b K4
u1K5

u 2
3(K1

i 1
2
3K2

i ) 2
3(K1

i 1
2
3K2

i )
( l•“Q1)( l•“Q2) K16

b 2K9
u 2

1
9K4

i 2
2
9K2

i

(m•“Q1)(m•“Q2) K17
b K9

u 1
9K4

i 2
9K2

i

(n•“Q1)(n•“Q2) K18
b 0 0 0

( l•“Q2)
2 K19

b K11
u 1

9(2K5
i 1K6

i ) 1
9(2K1

i 1K2
i )

(m•“Q2)
2 K20

b K11
u 1

9(2K5
i 1K6

i ) 1
9(2K1

i 1K2
i )

(n•“Q2)
2 K21

b K10
u 2

9K5
i 2

9K1
i

( l•“Q1)D32 K22
b K6

u2]K2
u/]Q1

2
3K2

i Q12
1
9K4

i Q2
2
3K2

i (Q12
1
3Q2)

( l•“Q1)D23 K23
b 2K9

uQ2
2
9K4

i Q2
4
9K2

i Q2

(m•“Q1)D31 K24
b 2K6

u1]K2
u/]Q1 2

2
3K2

i Q12
1
9K4

i Q2 2
2
3K2

i (Q11
1
3Q2)

(m•“Q1)D13 K25
b 2K9

uQ2
2
9K4

i Q2
4
9K2

i Q2

(n•“Q1)D12 K26
b 2K7

u1]K2
u/]Q1 2

4
3K2

i Q11
2
9K4

i Q2
4
3K2

i (2Q11
1
3Q2)

(n•“Q1)D21 K27
b K7

u2]K2
u/]Q1

4
3K2

i Q11
2
9K4

i Q2
4
3K2

i (Q11
1
3Q2)

( l•“Q2)D32 K28
b K8

u 2
1
3K4

i Q11
2
9K6

i Q2 2
2
3K2

i (Q12
1
3Q2)

( l•“Q2)D23 K29
b 2K12

u Q2 2
4
9K6

i Q2 2
4
9K2

i Q2

(m•“Q2)D31 K30
b K8

u 2
1
3K4

i Q12
2
9K6

i Q2 2
2
3K2

i (Q11
1
3Q2)

(m•“Q2)D13 K31
b K12

u Q2
4
9K6

i Q2
4
9K2

i Q2

(n•“Q2)D12 K32
b 0 0 0

(n•“Q2)D21 K33
b 0 0 0
r d

. As
According to Eq.~21!, the lowest-order expression fo
gL,u reads

gL,u5gbulk1
1

2
A1~dQ1!

21
1

2
A2Q2

21•••, ~41!
with gbulk the free-energy density of the uniform bulk an
A1 ,A2 positive constants.

The form of the elastic free-energy densitygL,el can be
obtained from Table III. Surface terms~Table IV! can be
neglected as we have assumed fixed boundary conditions
the biaxial order parameter is assumed to be small,gL,el can
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TABLE IV. Surface terms for the~chiral! biaxial nematic phase. The elastic constantsSb are functions of
Q1(r ), Q2(r ), T, andp. The 12 biaxial elastic constants can be approximated as discussed in the tex

Surface term Nu I ~indirect! I ~direct!

]a$S1
b(na]bnb2nb]bna)% K2

u2S1
u 2S1

i Q1
21

1
9S5

i Q2
2 S1

i (2Q1
21

1
9Q2

2)
]a$S2

b( l a]bl b2 l b]bl a)%
1
3S5

uQ2
1
3S4

i Q1Q22
2
9S5

i Q2
2 2

3S1
i Q2(Q12

1
3Q2)

]a$S3
b(ma]bmb2mb]bma)% 2

1
3S5

uQ2 2
1
3S4

i Q1Q22
2
9S5

i Q2
2 2

2
3S1

i Q2(Q11
1
3Q2)

]a$S4
bNab]bQ1% S2

u1S3
u 2

3S2
i 2

3S2
i

]a$S5
bNab]bQ2% 0 0 0

]a$S6
bMab]bQ1% S2

u 2
1
3S2

i 2
1
3S2

i

]a$S7
bMab]bQ2% 2

1
3S7

u 2
1
3S3

i 2
1
3S2

i

]a$S8
bLab]bQ1% S2

u 2
1
3S2

i 2
1
3S2

i

]a$S9
bLab]bQ2%

1
3S7

u 1
3S3

i 1
3S2

i

]a$S10
b (2maD312naD21)% 2S4

u2
1
3(S6

u1S7
u)Q2 2S2

i Q12
1
3S3

i Q2 2S2
i (Q11

1
3Q2)

]a$S11
b (2naD122 l aD32)% S4

u2
1
3(S6

u1S7
u)Q2 S2

i Q12
1
3S3

i Q2 S2
i (Q12

1
3Q2)

]a$S12
b (2maD132 l aD23)%

2
3S7

uQ2
2
3S3

i Q2
2
3S2

i Q2
d
o

th
s,

to
r-

id
be approximated according to Eqs.~35! and ~23!. The fol-
lowing expression forgL,el is found:

gL,el'~K1
ucos2a1K3

usin2a!a821~K5
u1K4

usin2a!~dQ18!2

1K9
ucos2adQ18Q281~K11

u cos2a1K10
u sin2a!Q28

2

1 1
2 ~K7

u2K6
u!sin~2a!a8dQ181 1

2K8
usin~2a!a8Q28 .

~42!

The dependence of the uniaxial elastic constants ondQ1 can
be neglected, asdQ1 is assumed to be small.

Now the Euler-Lagrange equations can be expande
terms of dQ1(z) and Q2(z). The equations of order zer
appear to lead to

a0950. ~43!

Taking into account boundary conditions~38!, the zeroth-
order tilt angle profile follows as

a0~z!5ap . ~44!

This is hardly surprising, as the Frank free energy, i.e.,
elastic free energy in the case of uniform order parameter
minimized by a uniform director profile.

The Euler-Lagrange equations of first order are

FIG. 1. Nematic cell. The orientation of the director is dete
mined by the tilt anglea, the value of which at the surfaceas is
usually different from the value in the bulk of the nematic liqu
crystal. The latter is referred to as the pretilt angleap .
in

e
is

2~K5
u1K4

usin2ap!dQ191K9
ucos2apQ29

1 1
2 ~K7

u2K6
u!sin~2ap!a192A1dQ150, ~45a!

K9
ucos2apdQ191 2~K11

u cos2ap1K10
u sin2ap!Q29

1 1
2K8

usin~2ap!a192A2Q250, ~45b!

2~K1
ucos2ap1K3

usin2ap!a191 1
2 ~K7

u2K6
u!sin~2ap!dQ19

1 1
2K8

usin~2ap!Q2950. ~45c!

The solution to Eq.~45c! can be expressed as

a1~z!52
~K7

u2K6
u!sin~2ap!

4~K1
ucos2ap1K3

usin2ap!
dQ1~z!

2
K8
usin~2ap!

4~K1
ucos2ap1K3

usin2ap!
Q2~z!. ~46!

Now Eqs.~45a! and ~45b! can be written as

B1dQ191B3Q292A1dQ150, ~47a!

B3dQ191B2Q292A2Q250, ~47b!

with

B152~K5
u1K4

usin2ap!2
~K7

u2K6
u!2sin2~2ap!

8~K1
ucos2ap1K3

usin2ap!
,

~48a!

B252~K11
u cos2ap1K10

u sin2ap!2
K8
u2sin2~2ap!

8~K1
ucos2ap1K3

usin2ap!
,

~48b!

B35K9
ucos2ap . ~48c!

It follows that the scalar order parameters vary according

dQ1~z!5C1exp~2a1z!1C2exp~2a2z!, ~49a!
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Q2~z!5C3exp~2a1z!1C4exp~2a2z!, ~49b!

where the coefficientsa6 are given by

a65A~B1A21B2A1!6A~B1A22B2A1!
214A1A2B3

2

2~B1B22B3
2!

.

~50!

The lengths 1/a1 and 1/a2 are of the order of what is usuall
called the coherence length. The coefficientsC1–C4 are
given by

C15
1

2
~12R1!dQ1,s2R2Q2,s , ~51a!

C25
1

2
~11R1!dQ1,s1R2Q2,s , ~51b!

C35
1

2
~11R1!Q2,s2RAR2dQ1,s , ~51c!

C45
1

2
~12R1!Q2,s1RAR2dQ1,s , ~51d!

with the dimensionless constants

RA5
A1

A2
, ~52a!

R15
B1A22B2A1

A~B1A22B2A1!
214A1A2B3

2
, ~52b!

R25
B3A2

A~B1A22B2A1!
214A1A2B3

2
. ~52c!

Summarizing, the tilt angle profile up to first order
dQ1(z) andQ2(z) is

a~z!5a0~z!1a1~z!

5ap2
~K7

u2K6
u!sin~2ap!

4~K1
ucos2ap1K3

usin2ap!
dQ1~z!

2
K8
usin~2ap!

4~K1
ucos2ap1K3

usin2ap!
Q2~z!. ~53!

The constantap must be solved from the following equation
which follows from the boundary conditions~37!:

as5ap2
~K7

u2K6
u!sin~2ap!

4~K1
ucos2ap1K3

usin2ap!
~Q1,s2Q̄1!

2
K8
usin~2ap!

4~K1
ucos2ap1K3

usin2ap!
Q2,s . ~54!

In the direct isotropic approximation and in the case of sm
anglesap andas this result reduces to
ll

ap5asH 12
K2
i @Q̄12Q1,s1Q2,s#

3~2K1
i 1K2

i !Q̄1
J , ~55!

which is the same result as that obtained in Refs.@16,17#.
We conclude that the nonuniformity of the scalar ord

parameters in a region with a thickness of the order of
coherence length induces a combined splay-bend defor
tion of the director field in this subsurface region. For
liquid-crystal layer with a thickness much larger than t
coherence length, the director profile seems uniformly til
with a tilt angleap . Thus the interaction of the liquid-crysta
with the substrate apparently favors the alignment of the
rector along a preferential axis that makes an angleap with
the substrate. It follows thatap is equal to the so-called
pretilt angle, which is an important parameter for liquid cry
tal display devices. Knowledge of the relation between
pretilt angle and surface properties such asas , Q1,s , and
Q2,s , which can be measured using second-harmonic gen
tion @15–17#, might be quite useful.

The obtained result has some relevance to the debat
the surface elastic constantK13 as well. This elastic constan
introduces an artifact in the continuum theory of nema
liquid crystals. A straightforward minimization procedure f
the free-energy functional, including theK13 term, leads to a
discontinuity of the director field at the surface@35#. In order
to remedy this artifact of the theory Barbero and co-work
introduced a higher-order elastic constant@36#. This proce-
dure results in a variation of the director tilt in a small lay
near the surface. The tilt variation over this subsurface la
appears to be given by

Da'
K13

2K
sin~2as!, ~56!

with K of the order of the Frank elastic constants. This p
posal to remedy theK13 artifact was subsequently criticize
in the literature@37#. A tilt variation close to the surface is
also found in the framework of the present GLGT. Mor
over, Eq.~54! for the tilt variation over the subsurface laye
is quantitatively similar to Eq.~56!. For this reason the ap
proach of@36# can be seen as an effective theory for descr
ing the influence of order variations near a surface on
liquid-crystal orientation. As a consequence,K13 must then
be seen as an effective parameter, related to the order v
tion near the surface and the elastic constants of the un
lying GLGT in the following way:

K13
eff[

1

2
~K7

u2K6
u!dQ1,s1

1

2
K8
uQ2,s . ~57!

In the direct isotropic approximation~see Table I! this re-
duces toK13

eff'K2
i Q̄1(dQ1,s2Q2,s)/3. It follows thatK13

eff is
negative for a disordering surface (dQ1,s,0) and positive
for an ordering surface (dQ1,s.0), in the case where biaxi
ality is neglected. Clearly,K13

eff is not a genuine elastic con
stant, as it depends on the properties of the substrate
which the liquid crystal is in contact.
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V. SUMMARY

The Landau free-energy density and the elastic fr
energy density of nematic and cholesteric liquid crystals w
either uniaxial or biaxial symmetry are considered. A ten
analysis is used to find all the terms that are allowed by
symmetries of these liquid-crystalline phases.

The expression for the Landau free-energy density is
rived for the isotropic-uniaxial nematic phase transition,
isotropic-biaxial nematic phase transition, and the uniax
nematic-biaxial nematic phase transition. It appears tha
direct isotropic-biaxial nematic transition imposes more
vere constraints on the expression for the Landau free-en
density of the biaxial nematic phase than two succes
isotropic-uniaxial nematic–biaxial nematic transitions. T
expression for the direct isotropic-biaxial nematic transit
corresponds to the expression known from the literatu
Clearly, this expression is not generally valid.

The same observation holds for the GLGT, which co
bines Landau theory with elasticity theory. The GLG
known from the literature appears to be an approximation
the more general theory that is investigated in this paper.
biaxial nematic liquid crystals, the well-known approxima
GLGT expression, as well as two other approximate exp
sions, is derived.
e

v.

,

. O
-
h
r
e

e-
e
l
a
-
gy
e

e.

-

f
or

s-

Concerning the elastic part of the free-energy density,
found that uniaxial nematic liquid crystals are described
eight independent bulk elastic terms and four independ
surface terms. In the isotropic approximation, the numbe
bulk terms~surface terms! is reduced to two~two!. Biaxial
nematic liquid crystals, on the other hand, are described
36 independent bulk elastic terms and 12 independent
face terms. The number of bulk terms~surface terms! is re-
duced to 13~7! in the uniaxial approximation, to six~five! in
the indirect isotropic approximation, and to two~two! in the
direct isotropic approximation. This last direct isotropic a
proximation is the approximation corresponding to t
GLGT known from the literature

As an illustrative example, the theory has been used
calculate the variation in liquid-crystal orientation in a th
layer near a surface due to variations in the nematic orde
this subsurface layer. Such order variations are induced
substrate imposing order to the liquid crystal differing fro
the thermodynamically stable order. The resulting tilt var
tion is quantitatively similar to the variation expected to
caused by the surface elastic constantK13. However, the
effect described here depends on the type of substr
whereas the tilt variation due toK13 does not.
t,
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